The mutual control mechanism between magnetization and polarization in multiferroic materials is studied. The system contains a ferromagnetic sublattice and a ferroelectric sublattice. To describe the magneto-electric coupling, we propose a linear coupling Hamiltonian between ferromagnetism and ferroelectricity without microscopic derivation. This coupling enables one to retrieve the hysteresis loops measured experimentally. The thermodynamic properties of the system are calculated, such as the temperature dependences of the magnetization, polarization, internal energy and free energy. The ferromagnetic and ferroelectric hysteresis loops driven by either a magnetic or an electric field are calculated, and the magnetic spin and pseudo-spin are always flipped synchronously under the external magnetic and electric field. Our theoretical results are in agreement with the experiments.
Introduction
Multiferroic materials are a kind of compound, and in each of them the magnetic and electric orders coexist below a certain temperature. The interaction between the two types of orders, called magnetoelectric (ME) coupling, yields some additional features to the ferroelectric and magnetic transitions and introduces possible multifunctional responses to an external electric or magnetic field. [1] [2] [3] [4] [5] The mutual effect between the magnetic and electric orders makes these compounds ideal for applications in information storage, in the emerging field of spintronics, and sensors. [6] Moreover, because of the complex physical mechanism and the interesting phenomena of the multiferroic materials, theoretical researches of the ME effect are also attractive for fundamental physics. [7] [8] [9] [10] [11] [12] [13] [14] Theoretical studies can be carried out by either macroscopic or microscopic approaches. The first theoretical attempt of studying the ME coupling proposed a term of α i j E i H j in the free energy based on group theory, [15] where E and H represented the electric and magnetic fields, respectively, and i and j label the Cartesian coordinates. Based on this phenomenological theory, ME coupling was explained under the macroscopic approximations. [9, 16, 17] On the other hand, the possible microscopic origins of the ME coupling were proposed and the relevant thermodynamic properties were studied in the microscopic studies. [7, [18] [19] [20] [21] The dielectric and magnetic properties of multiferroic materials were simulated by use of the Monte Carlo method. [22] The Heisenberg model for magnetic interaction and single-well potential model for electrical interaction were applied to analyze the ME effects in the ferroelectric (FE)-antiferromagnetic (AFM) system. [23] The magnetic and electric static and dynamic properties of hexagonal multiferroic RMnO 3 were studied based on the transverse Ising and Heisenberg models. [24] In a recent work, [25] Landau's theory for the phase transitions of the second kind was utilized to study the electric orders in a FE-ferromagnetic (FM) system. However, this theory was applicable to the case that the temperature is very close to the transition point. In that work, the calculated free energy of a multiferroic system increased as temperature rose, which contradicted the second law of thermodynamics. In spite of these theoretical works, the study of the microscopic mechanism of the mutual control between magnetization and polarization has been seldom seen. For example, there has been little work that could draw the magnetic hysteresis loops driven by an external electric field. Revealing the mechanism behind the hysteresis loops is still desirable.
In the present work, we investigate the microscopic mutual control mechanism between magnetization and polarization, and relevant thermodynamics in multiferroic materials. The thermodynamic properties and the affection of external fields are studied in detail by making use of the double-time Green's function method. This paper is organized as follows. In Section 2 the Hamiltonian of multiferroic materials is presented, and the system of FM-FE is considered. In Section 3, the numerical results of the temperature dependences of intrinsic energies, free energies, magnetization, and polarization are presented. The ferromagnetic and ferroelectric hysteresis loops driven by the external magnetic and electric fields are studied, respectively. Finally, Section 4 gives our conclusion.
Model and method
In this work, a simplest construction is assumed: the FM and FE sublattices are both simple cubic and are nested with each other; that is, the nearest neighbors of a FM (FE) site are the FE (FM) ones, while the next-nearest sites are those in the same sublattice. The Hamiltonian of the multiferroic system can be presented as [7, [19] [20] [21] 
where H m and H e denote the Hamiltonians for the FM and FE subsystems, respectively, and H me describes the ME coupling between the two subsystems. The FM subsystem is described by the Heisenberg model and the spontaneous magnetization is along the z direction. The Hamiltonian reads [26, 27] 
where mµ = S x mµ , S y mµ , S z mµ is the spin at site i. One can write mi · m j = S
. J m represents the exchange integral between the magnetic lattice sites, [i, j] denotes the nearest-neighbor sites in the FM sublattice, K m2 is an anisotropy parameter, and B z is the external magnetic field along z direction. In this paper, we set k B = 1.
The FE subsystem is modeled by the transverse Ising model, which can be written as [28] 
where S x ei and S z ei are the spin-1/2 operators of the pseudospins, which obey the commutation relation of convenient spin operators. J e denotes the interaction between adjacent electric lattice sites, and Ω is the tunneling frequency.
The coupling term is the most important part in constructing the Hamiltonian since it should be invariant with respect to time reversal and spacial inversion. Different forms of the coupling term between the magnetic and electric subsystems have been proposed in the previous studies. In the phenomenological treatment, the coupling term usually take the form of 2 2 , [29] or · (∇ · ), [30] where and are polarization and magnetization, respectively. In the microscopic study, the general form of ME coupling is written as [7, 23] where g is the coupling constant, by which the FM and FE subsystems have independent phase transition temperatures. When the magnetic subsystem is an AFM structure, the coupling term was written as [8, 18, 19] Here, the AFM subsystem was separated into two magnetic sublattices, and i, j denotes the nearest-neighbor of the magnetic sublattice. The ε = 1 if both i and j belong to the first sublattice; and ε = −1 if both belong to the second sublattice, ε = 0 otherwise. In recent studies, [21, 31] a different form of ME coupling was proposed as u
ek , in which the coupling constant u was a pseudoscalar, i.e., for the total coupling term is invariant, the coupling constant u should change sign when the sign of S z ek is changed. The proposed forms of coupling demonstrate that the construction of the coupling term is still controversial. However, the above microscopic coupling forms cannot well describe the found phenomena of the magnetic hysteresis loops driven by the electric field (E-M loops) and the electric hysteresis loops driven by the magnetic field (B-P loops). [32] [33] [34] [35] [36] [37] From the expressions of the proposed coupling term, it is found that the exchange integral between the magnetic (electric) lattice sites is modulated by the variation of polarization (magnetization) when an external electric (magnetic) field is applied, but the sign of magnetization (polarization) will not change. Recent experimental studies have shown that the magnetization and polarization can be flipped synchronously by the external magnetic and electric field. [36, 37] Based on these experimental results, we propose a form of the ME coupling as
where the coupling parameter g is an invariant because we do not have any reason why it should change its sign when the sign of S z ek or S z mi changes. Our proposed coupling term Eq. (4) is not derived from a microscopic mechanism of a multiferroic. We use this form because it can reveal two features, as follows. On the one hand, when one of the polarization and magnetization changes its sign, the other should change its sign as well to keep the total coupling invariant. On the other hand, the magnetization (polarization) could serve as an external electric (magnetic) field via the ME coupling. Accordingly, the phase transition temperatures of magnetic and electric subsystems could be very close to each other, which is consistent to the case of spin order induced multiferroics. [2] For the FM subsystem, the H m and H me can merge to be an effective magnetic Hamiltonian
It is seen that the polarization serve as an external field on the magnetization, therefore, an effective magnetic field is defined as
On the other hand, an effective FE Hamiltonian can also be defined as
037510-2
Chin. Phys. B Vol. 24, No. 3 (2015) 037510
z m j is the effective electric field. We use the method of double-time Green's function to solve the system. For the FM subsystem, the Greens' function is
The Green's function can be treated following the standard routine, [38] [39] [40] and we do not intend to present the tedious formalism. For the FE subsystem, we use the creation and annihilation operators of Fermion type a i+ and a + j+ to construct the Green's functions of the electric subsystem [28] G i, j (t,t ) = a i+ (t); a + j+ (t) . The thermo-average of z component of the pseudo-spins can be expressed following the standard routine proposed in Ref. [28] .
Results and discussion

Thermodynamics
We set the parameters as J m = 50, K m = 0.5, S m = 2, and J e = 100, Ω e = 1. In the absence of ME coupling, the phase transition temperature of the FM subsystem is higher than that of the FE subsystem. Once the ME coupling is nonzero, the FM and FE subsystems should have close phase transition temperatures, since the magnetization serves more or less as the external field via the ME coupling.
In a recent study, the free energy of the multiferroic material was calculated in order to investigate the thermal hysteresis phenomenon. [25] It was concluded that free energy grew with temperature for two solutions S ++ (both magnetization and polarization were positive) and S +− (magnetization was positive and polarization was negative). The free energy for S ++ vanished at a certain temperature, which leads to the thermal hysteresis phenomenon.
Based on our present Hamiltonian Eq. (1), we also calculate the free energies of the two possible configurations S ++ and S +− . The coupling constant g should be positive for S ++ and negative for S +− . As long as one configuration is fixed, the corresponding coupling constant g remains unchanged, whether or not magnetization or polarization reverses under an external field. The formula for evaluating the free energy
where E(T ) is the internal energy of the multiferroic material, which is calculated as the statistical average of the Hamiltonian. The internal energy should increase with temperature, or the specific heat would be negative. Consequently, as implied by Eq. (9), the free energy should decrease with temperature. Figure 1 plots the internal energy and free energy of the configuration S ++ with g = 20 and 30 and those of S +− with g = −20 and −30. As long as the coupling strength is fixed, the energies are unchanged, no matter which configuration is used. Therefore, the solid and dashed lines in each panel of Fig. 1 are the same. The configuration with higher coupling strength has lower energy values. It is shown that E always increases while F decreases with temperature, as anticipated. We can also find that the solutions of the configuration S ++ are always identical to that of S +− , and an obvious fact is that the free energies do not vanish at any temperature, a conclusion different from that of Ref. [25] . Since there is no difference in physical quantities between the two configurations, in the following, we only consider the configuration S ++ . In Fig. 2 , the temperature dependences of polarization and magnetization for g = 0, 20, 30 are plotted. In the absence of ME coupling, the phase transition temperature of the magnetic subsystem is higher than that of the electric subsystem. The magnetization serves as the external field via the ME coupling when g is nonzero, which leads to the phase transition of electric subsystem shifts upward. With the growth of coupling strength, the phase transition temperatures of both the magnetic and electric subsystems are enhanced. The numerical results demonstrate that when the linear coupling term is adopted, both the magnetic and electric subsystems do not have independent phase transition temperatures. Such behavior is basically consistent with the experimental results of the multiferroic material induced by spin order. [41, 42] 
The mutual effect between the magnetization and polarization
One important feature of multiferroic materials is the mutual control between the magnetization and polarization; that is, the magnetization (polarization) could be controlled by an external electric (magnetic) field. Although the E-M loops and B-P loops were measured, microscopic theoretical studies have hardly been seen. Our present model enables us to study the properties of mutual control between magnetization and polarization.
In Fig. 3 , the magnetic hysteresis loops driven by the magnetic field (B-M loops) and B-P loops at T = 30 and g = 20 and 30 are plotted. Note that the external magnetic field is rescaled by B zc , which is the coercivity of B-M loop of g = 20 and T = 30. By comparison with Figs. 3(a) and 3(b) , it is clear that the coercivity of B-P loop is always the same as that of B-M loop at a given coupling. In other words, the pseudo-spin and magnetic spin are flipped synchronously by the magnetic field, which is in agreement with the experimental result of CoCr 2 O 4 . [36] The synchronous flipping originates from the linear coupling between magnetization and polarization, as reflected in Eq. (4). It is found that the coercivities of both the B-M and B-P loops increase with the increase of g, which may be contrary to our intuition of the mutual control between magnetization and polarization, but such behavior can be easily understood by evaluating the variation of the effective magnetic field B z , see Eq. (6). In the case of the decreasing process of the external magnetic field, we assume that the magnetic spin flips at B z = −B z0 (B z0 is positive) in the absence of ME coupling. When the ME coupling g is nonzero, the magnetic spin flips at B z = −B z0 . From Eq. (6), the applied magnetic field is written as
Thus, the applied magnetic field increases with the increase of g, and the coercivity grows with g. Moreover, since the pseudo-spin always flips synchronously with magnetic spin, the coercivity of B-P loop also grows with g. The E-M loops and the electric hysteresis loops driven by the electric field (E-P loops) at T = 30 and g = 20 and 30 are plotted in Fig. 4 , where the external electric field is rescaled by the coercivity of E-P loop of g = 20 and T = 30 E zc . We find that the pseudo-spin and magnetic spin can be flipped synchronously by the electric field, which is consistent with the experimental study. [37] The coercivities of the E-M and E-P loops also grow with g, which can also be properly understood by evaluating the relations between effective electric field E z in Eq. (7) and the ME coupling. 
Conclusion
In this paper, the mutual control mechanism between magnetization and polarization, and the relevant thermodynamic of the multiferroic materials, in which FM and FE orders coexist, have been studied by use of the double-time Green's function method. The calculated free energy always decreases with temperature and does not vanish for either configuration S ++ or S +− . A ME coupling Hamiltonian is proposed, which enables one to retrieve the E-M and B-P loops measured experimentally. Through the study of the mutual effect of the magnetic and electric subsystems, we have found that the electric or magnetic field can always overturn the magnetization and polarization simultaneously as long as the ME coupling does not vanish, and such theoretical results agree very well with the experiments. We also find that the increase of coupling coefficient could increase the coercivities of the hysteresis loops. Finally, the authors confess that the proposed ME coupling Hamiltonian Eq. (4) is not derived from a definite microscopic physical mechanics. We shall try this derivation to explore the solid foundation of this coupling.
